PERTURBATION OF A WARPED PRODUCT METRIC OF AN 
END AND THE GROWTH PROPERTY OF SOLUTIONS TO 
EIGENVALUE EQUATION* 
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Abstract. When a Riemannian manifold (M, g) is rotationally symmetric, 
the critical order of the lower bound of radial curvatures for the absence of 
eigenvalues of the Laplacian is equal to — ^, where r stands for the distance 
to the center point. In this paper, we shall perturb the Riemannian metric 
around a rotationally symmetric one and derive growth estimates of solutions 
to the eigenvalue equation, from which the absence of eigenvalues will follows. 

1. Introduction 

The Laplace-Beltrami operator A on a noncompact complete Riemannian mani- 
fold {M, g) is essentially self-adjoit on C^{M) and its self-adjoit extension to L^(M) 
has been studied by several authors from various points of view. Especially, the 
problem of the absence of eigenvalues was discussed in [2], [3], [4], [5], [6], [7], [9], 
[10], [13], [15], [17], and [19]. When {M,g) is rotationally symmetric, the critical 
order of the lower bound of radial curvatures for the absence of eigenvalues is — ^. 
This fact follows from Theorem 1.4 and Theorem 1.5 below. The purpose of this 
paper is to explore further into this critical order. 

We shall introduce some terminology and notations to state our results. Let 
(M, g) be an n-dimensional noncompact complete Riemannian manifold and U an 
open subset of M . We shall say that M ~ U is an end with radial coordinates 
if and only if the boundary dU is compact, connected, and C°° and the outward 
normal exponential map expgjj : N~^{dU) M — U induces a diffeomorphism, 
where N^{dU) = {u G T{dU) \ v is outward normal to dU}. Note that U is not 
necessarily relatively compact. Let r denote the distance function from dU defined 
on the end M — U. We shall say that a 2-plane tt C T^M {x G M — U) is radial if tt 
contains Vr, and, by the radial curvature, we mean the restriction of the sectional 
curvature to all the radial planes. In the sequel, the following notations will be 
used: 

B(s, t) ^ {x e M -U \ s < r{x) < t} for < s < t; 
B{s, oo) = {x e M -U \ s < r{x)} for < s < oo; 
S{t) ^ {x e M -U \ r{x) ^t} for < t < cx); 
o'(— A) = the spectrum of — A; 
dp (—A) = the set of all eigenvalues of — A; 
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(7ess(— ^) = the essential spectrum of — A; 
Kra,d. = the radial curvature on M — J7. 

Moreover, we denote the Riemannian measure of {M,g) by dvg, and the induced 
measures from dvg on each S{t) {t > 0) simply by dA. 

We shall state our main theorems: let (M, g) be an n-dimensional noncompact 
complete Riemannian manifold and U an open subset of M. We assume that 
E := M — U is an end with radial coordinates. We denote r = dist(f/, *) on E. Let 
us set 

g — g — dr dr 
and assume that there exists ro > such that 



(1) 



where f{t) is a positive-valued C°° function oft £ [ro, oo), and a and b are positive 
constants. In the sequel, wc shall often use the following notation for simplicity: 

a = (n — l)a for a constant a > 0; 

A{r) = {n- l)A(r); K{r) = (n - l)is:(r). 
For the sake of convenience, we shall list the assumptions used in this paper: 



(2) 

(3) 
(4) 

(5) 



— < A[r) < —= 
r vr 

2{Ao -a)>a + b; 



for r > ro; 



rA'{r) = -r (A{r)A{r) + K{r)^ 



< for r > ro; 



RiCg(Vr, Vr)> oni3(ro,oo). 



where Aq, Bq, bi, and K3 are positive constants. 
Moreover, for 7 > we denote 

\i{'y,a,b,Ao,Bo,K3) 



-- max 



2^ 



46i + {Boy 



(yi-a)(27-6-yi) Ig 



(2(Ao - a) 



where yi = min | ^ , 2{Ao — a) — fcj. Note that Ai(7, a, 6, j4o, .Bq, /^a) con- 
verges to zero as K3, bi, and Bq tend to zero. 

Note also that (1) and (2) imply that limr^oo Ar = 0, and hence, (t(— A) = [0, 00). 

Theorem 1.1. Let {M,g) be an n-dimensional noncompact complete Riemannian 
manifold and U an open subset of M. We assume that E := M — U is an end with 
radial coordinates and denote r = dist(L'', *) on E. Let us set 



g = g-dri 
2 



) dr 



and assume that there exist a positive-valued C°° function f{t) of t £ [ro,oo) and 
positive constants tq, a, b, Aq, Bq, bi, and K>, such that (1), (2), (3), (4), and (5) 
hold. Let X > be a constant and u a solution to 

Au + Aw = oni3(ro,oo). 

Let 

a + b 

be a constant and assume that u satisfies the condition: 

liminf t'' / {{^\ +Iwl4 dA = Q. 



Js{t) \ 
Moreover, we assume that 

A > Xi{-i,a,b,Ao,Bo,Kz). 

Then, u = on B{ro, oo). 

In particular, if 2 > a + b, then crp(— A) n (ai(l, a, 6, -So, ^3), oo) =0. 

Letting > he a, constant and substituting /(r) = in Theorem 1.1, we get 
the following: 

Theorem 1.2. Let {M,g) be an n-dimensional noncompact complete Riemannian 
manifold and U an open subset of M . We assum,e that E := M — U is an end with 
radial coordinates and denote r = dist(C/, *) on E. Let us set g = g — dr ® dr and 
assume that there exist positive constants ro, 6, a, b, and bi such that the following 
hold: 

e-a^ e+b^ 

9 < Vctr < g on Biro, 00); 

r r 

2(6 -a) >a + b; 

RiCg(Vr, Vr) > — — on B{ro,oo). 
Let X > be a constant satisfying 

X>]1 ^ =:p{e,a,b,bi) 

4 \2(0-a)-a-6j 

and u a solution to 

Au + Xu = on B{r 0,00). 

Moreover, let 

a + b 

be a constant and assume that u satisfies the condition: 

liminf t^ i {\^\ +\uA dA = Q. 



Js(t) \ \£>r 
Then, u= on B{ro,oo). 

In particular, if 2 > a + b, then we have 0-p(— A) n {P{9, a, b, 61), 00) = 0. 
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When {M,g) has an end with a warped product metric, we have the foUowing: 

Theorem 1.3. Let {M,g) he an n- dimensional noncompact complete Riemannian 
manifold and U an open subset of M with compact -boundary dU . Assume that 
E = M —U is diffeomorphic to [0, oo) x dU and that the metric g\E restricted on 
E has the following form: 

g\E = dr^ + h{rfggu, 
where r — dist ([/, *) on E — M — U , and ggu stands for the induced metric on 
dU. We denote Ah{r) — and Kh{r) = — \{r) ■ assume that there exist 

constants rg > and Aq > Q such that 

— <A(r)<^ onB(ro,cx)), 
r y/r 

where e{t) is a positive-valued function of t (ro,oo) satisfying liuit^oo £{t) ~ 0. 
We also assume that 

\K,ir)\^o(^iy 

Then, —A has no eigenvalue. 

In view of the comparison theorem in Riemannian geometry (see |14| . Kasue, 
and Proposition 2.1), Theorem 1.2 imphes the foUowing: 

Theorem 1.4. Let {M,g) be an n-dimensional noncompact complete Riemannian 
manifold and U an open subset of M with compact -boundary dU . Assume that 
E = M — U is diffeomorphic to [0,oo) x dU and that the metric g\E restricted on 
E has the following form: 

g\E = dr"^ + h{rfggu, 

where r = dist ([/, *) on E ^ M — U , and ggu stands for the induced metric on 
dU. We denote Ah{r) — o,nd Kh(r) = — ■ We assume that there exist 

constants ro > and a > such that 

f> — i/ < a < 1, 
Ahiro) I ^0 

[>0 if a>l; 

-^<Kh< ^ ^ on B{ro, oo), 

where e{t) is a positive-valued function of t (z (ro,oo) satisfying hmt^oo£(^) = 0. 
Then, —A has no eigenvalue. 

Moreover, we can prove that this decay order — of the lower bound of radial 
curvatures in Theorem 1.4 is critical in the following sense: 

Theorem 1.5. There exists a rotationally symmetric manifold (M, g) = (R", + 

/^(^).9S"-i(i)) with the following three properties: 

(i) limr^oo |Vdr| = 0, and hence, CTcss(— A) = [0,oo); 

{ii) ap(-A) = {1}; 
(iii) iiTrad. = 0{r ^) as r —> oo. 
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Our method is a modification of solutions of [T5], Kato, [10], Eidus, [21^, Roze, 
and [in], Mochizuki, to the analogous problem for the Schrodinger equation on 
Euclidian space. 



2. Agmon's theorem and warped product metric on an end 

In this section, we shall consider the spectral problem of the Laplacian on a 
Riemannian manifold which possesses an end with a warped product metric; this 
observation provide us our starting point of warped product metrics which will be 
treated in Theorem 1.1. Moreover, we shall also prove Theorem 1.5. 

First, we quote the following 

Lemma 2.1 ([2], Agmon). Let H = —A + Vi{x) + V2{x) be a Schrodinger operator 
on L^(R"), where Vi{x) and V2{x) are bounded real-valued functions on R". We 
set r = \x\ and assume that the following: 

(i) limsup^^^ = 0; 

(m) limsup^^oo V2{x) = 0; limsup^^^o r^ix) = 0. 
Then, H has no positive eigenvalue. 

We note that Proposition 2.1 below follows by using the comparison theorem in 
Riemannian geometry (see [H], Kasue, ). 

Proposition 2.1. Let {M,g) be an n- dimensional noncompact complete Riemann- 
ian manifold and U an open subset of M . Assume that E := M — U is an end with 
radial coordinates and that there exist constants ro > and a e (0, 1] such that 

, , f > -2- i/ < a < 1, 

lTS(ro)xrS(ro)|> Q if a > I 

and 

^ < ^rad. < ^ ^2 ' on B(ro, C30), 

where eit) is a positive-valued function of t ^ (ro,(X)) satisfying limt^oo£(t) — 0. 
Then, we have 

-+0[\\\9<ydr<^-^g onB(ro,oo), 

where £i{t) is a positive-valued function oft G (ro,cxD) satisfying lim^^oo = 0. 

Proposition 2.2. Let {M,g) be an n-dimensional noncompact complete Riemann- 
ian manifold and U an open subset of M with compact C°° -boundary dU . Assume 
that E = M — U is diffeomorphic to [0,oo) x dU and that the metric g on E has 
the following form: 

g\E = dr^ + h{rfggu, 

where r = dist (U, *) on E = M — U , and ggu stands for the induced metric on 
dU . We denote Ah{r) — T^^y o,nd Kh{r) — for simplicity. We assume that 
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there exist constants tq > and a > j such that 



4 

> — tf - < a < 1, 
ro 4 

> if a>l; 

- ^ < i^h < -^^T^ on B(ro, c5o), 

where e{t) is a positive-valued function of t ^ (ro,oo) satisfying limt^oo £(t) — 0. 
Then, —A /las no eigenvalue. 

Proof. Let = Aq < Ai < A2 < • • • denote the eigenvalues of —Agg^ on the 
boundary {dU, gou) with each eigenvalue repeated according its multiplicity. Then 
— A|g|g is well known (see [TU]) to decompose into the direct sum of the infinite 
number of operators Li (i = 0, 1, 2, • • • ) acting on the half line (0, 00) with Lebesgue 
measure dx, where 

, , (n — l)(n — 3) ,9, , — 1) , X K 



4 ' 2 ' K^{x)' 

Proposition 2.1 implies that A\{x) = (i) and that cix*^^"^-*" < h{x) on [ro,cxD) for 
any 6 £ (0, 1), where ci = ci{6) > is a constant. Hence, ^ (^jjr^^ — ~2^^J^ — 

^ 2(i~a)a+i ) ~ ''(a;) '-'^'^ assumption a > -J. Thus, we see that qi{x) is a sum 

of two functions Vi{x) and V2(a;) satisfying Vi(a;) = o(i) and ^(a^) = 
respectively. Therefore, each has no positive eigenvalue by Lemma 2.1. Hence 
—A has no positive eigenvalue; since the volume of ill is infinity, —A does not have 
zero as an eigenvalue, either. □ 

Remark 2.1. Theorem 1.2 implies that the assumption ^ < a in Proposition 2.2 
can to be replaced by " < a" . 

Proof of Theorem 1.5 

The proof of Theorem 1.5 is analogous to that of Theorem 1.6 in [18] except for 
the definition of the function /i : let a and k be constants satisfying i < a < 1 and 

1 A; I > 1, respectively; we set 



Then, 



.fi[r) r 



„l+a 



fi'ir) cos2r , ^ / 1 



KfAr) = = -2k + O 



r.2a 



~ O ( — 1 for any positive integer m. 



fi{r) 



Thus, the rest of the poof of Theorem 2.2 will be accomplished by using the Atkin- 
son's theorem (for the details, see the section 8 in [l8]). 
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3. Analytic propositions 



In this section, we shall prepare some analytic propositions toward the proof of 
Theorem 1.1. 

Let (M, g) be an n-dimcnsional complete Riemannian manifold and U an open 
subset of M. Assume that E :— M — U is a.n end with radial coordinates. We shall 
consider the eigenvalue equation 

Au + Xu = on E := M - U, 

where A > is a constant. 

Let p{r) be a C°° function of r G [ro, oo), and put 

v{x) = exp(^p{r{x)))u{x) iovx&E. 

Then it follows that v satisfies on i3(ro, oo) the equation 

dv 

Av-2p'{r)— +qv = 0, 
or 

q=\Vp{r)f-Ap{r) + X 
= \p'{r)f -p"{r)-p'{r)Ar + X. 

As is mentioned in section 1, we denote by dA the measures on each level surface 
S{t) {t > 0) induced from the Riemannian measure dvg on {M,g). 

Proposition 3.1. For any ^ S C°°(M — U) and ro < s <t, we have 
f {IWvf -q\vf}ijdvg 

J B(s,t) 

= (/ {'^^ + 2i)p'{r)S/r,Vv)vdvg. 

ysit) J Sis) J \or J JB(s,t) 

Proposition 3.2. For any ro < s <t and 7 e R, we have 



JB{s,t) 

+ /^^^^^r-^{i(7-rA.)+2.p'w}(|)^., 



r{Vdr){Vv,Vv) - i(7 + rAr) MV?;^ - j I dvg 



+ / r'^ ^ \{j + rAr)q + r^\\vfdVg. 



1 

^ JB(s,t)' V ' '~ ' ' dr 

Proposition 3.3. Lei Vr, Xi, X2, • • • ,Xn-i be an orthonormal base for the tan- 
gent space TxM at each point x G M — U and ipi {t) a function oftG [ro , 00) . Then, 
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for any real numbers 7, e, and < s < t, we have 



r • 
S(t) 



dv\ 1 , ,0 1,„ ,9 j + ihi{r)dv 



/ -vfl 1,^12 1 I i2 f dv\'^ j + tpiMdv . ,^ 



2' ' 2 ' ' V9r/ 2r 9r 

n-l 



= / J r(Vdr)(Vv, Vt;) - ^(rAr - Vi(r)) V {dv{X,)f \ dv 

Proof. Set ■0 = 5''''^"^ (7 + V'i(^)) ill Proposition 3.1. Then we have 
4 / r-y-'{^ + Mr)){\^vf-q\vf}dv, 

^ JB(s.t) 



1 /" r ^ dv 

r^~^\ (7 - 1 + 2rp'(r))(7 + ^i(r)) +rV'l(r) \^vdvg. 

B{s,t) ^ 0''' 



Addition of this equation to the equation in Proposition 3.2, we get Proposition 
3.3. □ 



Lemma 3.1. For any /? e R, we have 
(6) ij -I \r^\v\^dA= f 

\Js{t) JS(s) J JB{s,t) 

Lemma 3.2. For any m e R, we have 

[ r^-^"^ {\Vv\'' - q\v\''} dvg 

^ d I ^i-2m I |^|2^^j_l/ r-^^^{2m-l-r/^r}\v\'dA 



2dx \ Js(x) I 2 



-/ 

Jb(x 



B(x,oo) 



r-^^i^]vdv^ 
or 



Proposition 3.1 and 3.2 arc obtained by setting c = in [18], Proposition 3.1 
and 3.3, respectively; Lemma 3.1 also follows from [18], Lemma 3.2; Lemma 3.2 is 
also got by putting c = in [18], equations (32) and (33). 



4. Faster than polynomial decay 

Let (M, g) be an n-dimensional noncompact complete Riemannian manifold and 
U an open subset of M. We assume that E := M — U is a.n end with radial 
coordinates. We denote r = dist([/, *) on E. Let us set 

g = g — dr 1^ dr 

and assume that there exists vq > such that 

where f{t) is a positive- valued C°° function of t G [ro, oo), and a and & are positive 
constants. In the sequel, wc shall often use the following notation for simplicity: 

a = (n — l)a; b = (n — 1)6; bi{r) = (n — l)6i(r); 
A{r) = {n- l)A(r); ^(r) = (n - l)K{r). 

We assume that 

(*2) A(r) > — for r > ro; 
r 

(*3) 2(^0 - a) > (n - l)a + (n - 1)6; 
(*4) lim A{r) = 0; 

r— »oo 

(*5) -Ki< rA'{r) = -r (A{r)A{r) + K{r)j < K2 for r > ro 

and set 

(*5') ^3 = max{^i,^2}, 

where Aq, K\, and K2 are positive constants. 

Proposition 4.1. Assume that there exist a positive-valued C°° function f{t) 0/ 
t e [ro,oo) and constants vq > 0, a, and b such that (*i), (*2), {*3), (*4) and (*5) 
/lo/rf. Let X> be a constant and u a solution to 

Au + Xu = on B{r 0,00). 

Moreover, let 

(*9) 7>^— (a + &) 

be a constant and assume that u satisfies the condition: 



Isit){{dr) 



(7) *W l(^) +H'}dA = 0. 

Moreover, we assume that 



(8) A> 



{(-£o)-a}{27-6-(-eo)}' 
w/iere £0 is a constant satisfying 

(9) a < (-eo) < 27 - 6 and (-eo) < 2(Ao - a) - 6. 
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Then, we have for any m > 

(10) f r"' {\u\^ + \Vu\''} dvg < oo. 

J B{ro,oo) 

Remfirk 4.1. The conditions (8) and (9) can be written as follows: 

,n) A> ^S^^. 

{yi -a}|27-6-yi| 

where yi = min { ^^+^°~'' , 2{Ao - a) - ^j. 

Proof. We shall combine Proposition 3.3 and Lemma 3.1; put ijji{r) = rA{r) + e 
and p{r) = in Proposition 3.3; set /3 = 7 — 1 in Lemma 3.1 and multiply (6) by a 
positive constant a. Then v = u and q = X and 
2 

dr ) '2"'"' ' 2r dr" ' r' 



„N f ^ / du\ ^ 1 > , ,9 7 + rA(r) + e du a , ,9 1 , , 
(12) J^^^^r-'U-] +-X\u\' + ^ -u+-\u\'\dA 



S{s) 



2' ' 2 ' ' \drj 2r r' ' ( 



> 



J r"' ^ |r(Vrfr)(Vu, Vu) - ^ (^rAr - rA{r) - g{Vu, Vu)| dvg 

+ / r-^-^ irA'(r) + 2a + P(r)]^udv„ 
JB(s.t) ^ \ dr " 



iMp dVa 



lB{s,t) ■ ^ 

where we set 

(7-l)(7 + £) 



(13) 



2r 



for simplicity. 

Now, our assumptions (*g) and (=1=3) respectively imply that 27 — 6 > a and 2^40 
2a — b>a. Hence, we can take — e = — eo so that 

(14) 27-6> (-eo) > a; 

(15) 2^0 -2a-6> (-eo). 
Then, we see that 

(16) r(Vdr)(Vu, Vu) - ^ (rAr - rA{r) - eo) 3(Vm, Vm) 

> |,.^(^) _ a - ^ (^Air) + ^ j + ^-A{r) + 1 1 ^(Vn, Vn) 

> i{2^o-2a-6 + eo}^(Vu,Vu), 
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where 

(17) 2Ao-2a-b + eo>0 (by (15)). 
Moreover, 

(18) 7 - ^ (rAr - rl(r) - ^o) > 7 - ^ (Air) + ^ j + ^l(r) + | 

= i{27-6 + eo}>0 (by (14)); 

and 

(19) ^ I rAr - rl(r) - eo + a (av + 



^ ( ^ ( 'a, \ 0. 7-I 

a - eo + a A[r) - 



2 1 V r r 

A 



-2 



■ |-a- £0 + Q! (^0 - a + 7- 1) ^1 > for r >> 1 (by (14)), 

Now, from our assumption (8), we take a > sufficiently small so that 
(20) (-a-eo)(27-S+eo)A- (if3 + 2a)' > 0. 

Then, a simple calculation using (20) implies that there exists a constant c\ = 
ci(a, 6,7, A'3, a) > such that 



(21) \ (27 - 6 + .0) (1^) ' + ^(-« - -o)|«P + (^3 + 2a)|^n 



Putting together (*5), (*5/), (12), (13), (16), (17), (18), (19), and (21), we see that 
there exist a constant = r2(a, h, Aq, 7, Eq, A{*)) > such that for any t > s > r2 
the right hand side of (12) is bounded from below by 



that is, 



S(t) 



ci / r^-^{\Vuf + \u\''}dVg, 

B(s,t) 



du\ , 1 ^ I i2 J — e du Q^i |2 



(22) / rU r;-] + -X\u\^ + ^—^u + -\u\^ } dA 



dr J 2 ' ' 2r dr 



'Sis) 



du\ 7 — e (9m ck , ,2 



>ci [ r^-^{|Vwp + |w|2}dt;g. 

JB{s,t) 
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Besides, by Shwarz inequality, for r > ra := max{r2, ~^ }, 
du\^ J — e du ct, ,2 If (7 ~ 



u - -ImI^ < — <a - " . '' \ \u? < 



dr ) 2r dr r r \ 4r 

and moreover, (7) implies that there exists a divergent sequence {iil^^i such that 



hm / 



2 

du\ , 1\| |2 J — S du C«| |2 



ISiU) 

Hence, substituting t = ti in (22) and letting i — > 00, we get, for s > rs, 
(23) If rT{|Vup- A|u|2} dA> ci / r''-^ {\Vu\^ + \u\^} dvg. 
Integrating this inequality with respect to s over [t,ti] {rs <t <ti), we have 



2ci f'dsf r'^-^ {|Vu|2 + dwg 

Jb{s,oo) 

I r-^ {\yu\^ -q\u\^) dvg 

JB{tM) 

([ -I 

\Js(t,) Js(t) dr 



7 / r'' ^^udvg. 
JB(tM) d^ 

In the last line, wc have used the equation in Proposition 3.1 with p(r) = and 
ip = r^. Since our assumption (7) implies that 

du 

liminf / r'^-—udA = 0, 



liminf / . . 

ti^oo Jgf^^^^ dr 

letting — > 00 and using Fubini's theorem, we have 
(24) 2ci /" ds f r'^-^ {\Vuf + \uf} dvg 

Jt Jb{s,oo) 

=2ci / (r - i)rT-i { I Vu|2 + dvg 

J Btt.oo) 



dr ) 



where the right hand side of this inequality is finite by (23). Hence we see that the 

desired assertion (10) holds for m = 7. 

Next, integrating this inequality (24) with respect to t over [ti, 00) (t\ > r^) and 
using Fubini's theorem, we get 



2ci / (r-t)V-i{|VM|2 + |u|2} dvg 

J B(t, 00) 



9?i 

dr 
<oo, 

where the right hand side of this inequality is finite by (24). Thus, we see that the 
desired assertion (10) holds for m = 7 + 1. Repeating the integration with respect 
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to t shows that the assertion (10) is valid for m = 7 + 2, 7 + 3, • • • , therefore, for 
any m > 0. □ 

5. Exponential decay 

Proposition 5.1. To the assumptions in Proposition 4.1, we shall add the following 
two assumptions: 

B ^ 

(*6) > ^(y) for r > ro; 

Vr 

(*7) RiCg(Vr,Vr) > onB(ro,oo), 

where Bq and bi are positive constants. Then, we have 

/ e'^''' {\uf + \\/uf} dvg < 00 for any < < ?7i(A, a, 6), 

J B(ro,oo) 

where we set 

-Cq + ^/{cqY + 4c7CoA 



r)i{X,a,b)={ CO 



if Co > 0, 



A if co< 0; 

C6 

co = 2-Ao + {n + l)a + b; ce = 61 + 

o 

C7 = 2(^0 - a) -a-b {> 0). 
Proof. In Proposition 3.3, let 

p(r) = mlogr (m > 1, 6); 7=1; "ipiir) = rA{r) + e; 
(25) e = -2Ao + 2a + b. 



Then, 



t; = r u; 



mm. 

26 g = + Ar + A 

>A + — 1 --^(r); 

r'^ \ ml r 

dq 2m^ 2to m . d(Ar) 

'■"S" = — 2 2" + ~ ™^ — ^ 

ar r r r c/r 

a(Ar) 
dr 



(*io) = iVrfrp +RiCg(Vr, Vr) 



>(n-l){^(r)-^}^ 

2aA(r) + 61 ao 
= ^(r)^(r) Y + ^ 

^ h+Pi{r) 

— J 
r 
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where we have used the identity = jVdrp + Ric (Vr, Vr) (see [18], Propo- 

sition 2.3), and also, we set 

a(2lo - a) + 

Pi(r) = 

r 

for simpHcity. Note that hnir^oo Pi{i^) = 0. 
Moreover, by (*3), 

rAr — tpi (r) > rA(r) — a — rA{r) — s 
(27) ^~a-s 

= 2(Ao - a) -a-6> 0. 

Hence, we have 

dq 2m? ( \\ m ^ a 

> 1 + _ - _ 6i - A{r) + - + Pi r 

or r'' \ m J r \ r 



and 



g(rAr~Vi(r)) >Ja+^ (l-^l --l(r)l(-a-£) 



r 

= {~a ~ e)X (-a - e)A{r) + ^ 1 (-a - e). 

r \ m I 

Therefore, 

do Tfi \ Til? 

r-^+q{rAr-^Pi{r)) > (-S-e)A- — + P2(r)j - ^ci(m), 
where we set 

-P2(r) = i-a-e- l)A{r) + -+ Pi{r); 

r 

(28) ci(m) = 2 - (-S-e) + — (2 + (S- l)(-a-£)| . 

771 L J 

Note that 

-a- e > (see (27)); hm P2(r) = 0. 

r — ^CJO 

We do not know the sign of the number cq — 2~ {—a — e) — 2 — Aq + {n + l)a + b, 
and hence, for any 9 e (0, 1), let us set 

(29) C3 max{6',co} (> 0). 
Then, 

(30) ci (m) < C3 + 6* for m > mi(Ao, a, 6), 
and hence, for m > mi, 

f)^, rn , .\ m? 



(31) + q{rAr - 1^1 (r)) > (-a - £)A - - (61 + P2(r) ) - — (cg 
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Besides, 



(32) r(Vdr)(Vw, Vv) - ^ (rAr - rA{r) - g{Wv, Vv) 

> |rA(r) - a - ^ (rA{r) +b-rA{r) - ejj g(Vw, Vu) 

=i ^2rA{r) - 2a-h + £^g{Vv,Vv) 

>^ {2A0 - 2a - 6 + e} ^(Vt;, Vv) = (by (25)) 



and 



(33) 1 - ^ {rAr - rA{r) - + 2m 

>1 - i (^rl(r) + 6 - rl(r) - + 2m 
=2m+ 1 - ^(6- e) = 2m + 1 - Ao + a > 



tor m > m2 := max < mi, 



Hence, by Proposition 3.3, we have 

f \ fdvV 1 , ,0 l + e + rA{r)dv 1 
(34) / r\(-\ +-,H^ + ^a;:^^^ 



dv\ 1 + £ + rA{r) dv 

' 

2r ar 



-^Ib( ^^{(-«-^)^-7(^i + ^2(r)) -^(c3 + ^)||i;pdn 



+ (2m+l- Ao+«) / ( 5;: M-^: 



B{s,t) 



+ J 1^(1 + £ + rA(r)) + i (l(r) + rl'(r)) | dt;^ 
for m > m2. On the other hand, Lemma 3.1 with /3 = yields 



(35) (/ -/ ]\vfdA=[ {{Ar)\v 

\Js{t) Js{s) J JB(s,t) I 



a 



'B(s,t) 

Multiplying this inequality (35) by a constant 

(36) 
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and addition of it to (34) make 
(37) 



+ r{\Vv\^-q\v\^}dA 

^ Js(s) 



,2 1 + e + rAlr) dv a, .^l , . 



,,'dv\^ l + e + rA(r)dv a, .nl ,, 



> 

- 2 



/" / 9f \^ f dv 
+ {2m+l-Ao + a) [ ] dvg+l P3{a,m,r)—v dvg 

JB(s,t) \drj JB(s,t) dr 

for m> 1712, where we set 

P3(a, m, r) = 2q + i (rA'{r) + A{r)^ + ^ + £ + rA{r)j 
for simplicity. Substituting the inequality 

dv , . N f dv\'^ P3(a,m,r)^ 



P3(a,m,r)— t;>-(2m + l-Ao+a) — - \' \v 

or \dr J 4(2m + 1 — Aq + a) 

into (37), we get 



/ 4 

+ r{\Vv\''-q\v\'')dA 

^ Js(s) 



S(s) 



, , dv\ l + e + rA(r)dv a, .ol ,. 



> / -ff(a,r, to) dwg, 

JB{s,t) 



where we set 

H{a, r, to) 

aa Pi (a, TO, r)^ 



=(-a - s)A + aAir) - - - ,(,^|,_^^^,) - - + P.{r)) 

Ua + rA'{r) +A{r)\ 

={-a - e)X - \— — ■ , \ + Pair, a, to) 

16(2to +1 — Ao + a) 

TO I- r(A(r))^ n / \ 1 "^^ / 

- 7 + i(^ti|±iy + ^a(r) I - ^ (c3 + ^) 

16 



and 



, . aa 4a + rA'{r)+A{r) fl + s ^ - 

P,{r,a,m) = aA{r) - — - -^-^-^ +^(^) ) ; 



Pe{r, m) = |Ii±£l! + 2(1 + e)A{r) \ + P,{r). 



Here, note the following: linir_>oo AC^, a, m) = uniformly for a e ^ ^^g^ + 1, ^^g^ + 2^ 
and m > 7712 because |rA'(r)| < Ks; limr^oo P6{f,'m) = uniformly for m > m2; 
r(A(r))2 < (Bo)2. Therefore, for any 9 e (0, 1), if wc take = r^Ao, a, A{*), b, K3, A) 
and TO3 = m3{AQ, a, Bq) (> TO2) sufficiently large, we have 



9 

H{a, r, m) > (1 - ^)(-a - e)X - -C4 - ^ (cs + 6) 



I (B \^ (B )^ \ 
for a G ( h 1, h 2 I , r > r4, and m > nis, 



where we set 



Since limr^oo 

g = A by (26), Proposition 4.1 implies that |Vt)| and v are in 
i^(S(ro,oo),dWg), and hence. 



lim inf / r < 



f dv\ , 1 I |2 1 /I + £ n\ '-'^ I |2 



Therefore, substituting appropriate divergent sequence {ti} for t in (38), and letting 
ti 00, we get 



(40) 



dv\ 1 + s + rA{r) dv a 



>2 / f(i-g)(-^-e)X--Ci-'^{c3 + e)}\v{'dvg. 

Jb{s,oo) I 



r r 
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2r 5r 

2 ^ 



f + ) dA 



Multiplying both side of (40) by s ^"^ and integrating it with respect to s over 
[a;, oo) {x > r4), we have 



(41) f r'^-^"' {\\/vf - q\vf} dv. 

JB(x,oo) [\0 
Jx Jb(s,oo) I 



1 + £ + rA(r) dv ,2 I 7 



(1 - 0){-a - s)X - - ^ (C3 + 0) ^ \v{' dvg 



>2 



m m 



(1 - e){-a - e)\ Ci- — (C3 + 6) \ s-^"* ds 



B{s,oa) 



>2|(l-6i)(-a-£)A- 



m m 

— C4 2" (cs 

a; a;^ 



B(s, 00) 



for m > ms. Substitution of the equation in Lemma 3.2 into (41) makes 




Here, by using (*6), the third term of the left hand side of (42) is bounded as 
follows: 



If r^-^"^{Ar)\vfdA<l-f r^-^"^ I y^Air) + ^] \vf dA 
2 Js{x) 2 Js{x) \ J 

^(1+^ /■ r'-'^"^\v\^dA f0Tx>r,= ( 

- 2Vi Js{x) ' ' " \eBoJ 
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As for the fourth term of the left hand side of (42), since 16a — (-Bq)^ > 1 by (36), 
we have 

^ (dvV (2 + e ^. A dv 2a, ,^ 

^ 1 f2a 1 (2 + e ^, V\ , ,^ 
^2r\-7'l[-^^^^'n I'"' 

^ ^16q - r{A{r)f + 2(2 + e)A{r) + t | I^P 

|2 



g^2 1^ ^ 

>^|l6a-(5o)2+2(2 + e)l(r-^ ' 



1 

■8^ 



>i ( 1 + 2(2 + ^)A(r) + ^ > 



for r > re = r6(e, ^(*)) (> r^). 
Therefore, for any m > 7714 = 7714(7773, 0) and x > r7 := max{r5, rg}, 

'''' -\i (^^"^"^L'^'^^ (^^"^"^L'^'^^ 

^ (l + g)go 1^^1-2^ 1 

>2|(l-0)(-a-£)A-^C4-^(c3 + e)|^°°s-''"(is J^^l'c^t^s- 

Now, let C5 > be the solution of the quadratic equation (1 — 6){—a — e)X — yc4 — 
y^ici + e) = 0, that is, 

_ -C4 + + 4(1 - e)i-a - g)(c7T^ 

^ ' '~ 2(C3 + ^) 

Moreover, for m > 7713 and a; > r7, we shall set 

(45) - = C5 > 

a; 



and 



F{x)=x^-^"' [ \v\^dA = x f \ufdA. 

Js(x) Js(x) 



IS{x) JS(x) 

Then, (43) implies that 



—F'ix) - (1 - e)c,F{x) + ii±^F{x) > 0, 



and hence. 



(46) F'{x) < - I 2(1 - e)c, - I F{x) < -2(1 - efc,F{x) 
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for X > rs = rs{c5,0,Bo) (> rr). Thus, if we set G{x) = e2(i-^)^^s^F(x), (46) 
reduces to 

G{xy < for a; > rg. 
Thus, G{x) < G{rs) for x >rs, that is, 

(47) F{x) =x I dA < e-2(i-^)'«^G(r8) for x > rg. 

Js{x) 

On the other hand, in general, for /? > and 5 > 0, 



(48) 



hm 



2t (3 

Now, in view of (27), (29), (39), (44), and (48), we see that (47) impUes that 

(49) / e'^'^\u\'^ dvg < 00 for any < < 7?i(A, a, 6). 

-B(ro,oo) 

Next, we shall show that Proposition 3.1 and (49) yield 

/ e''''! Vu|^ dvg < oo for any < r] < r]i{X, a, b). 

JB(ro,oo) 

For that purpose, first consider the integral 



g{R) = 2 / 
Je 



B{ro,R) 



du , 



Then, Green's formula yields 
1 



V JB{ro,R) 
1 



V \JS{R) Js{ro) 



e'^'^lufdA- 



B{ro,R) 



{Ar + r])e'^''\ufdvg. 



Since linir^oo Ar = 0, (49) implies the existence of the limit, limfl_>oo giR)- ( Note 
that we do not assume Q < rj < T]i{X,a,b) but assume < t] < ryi(A, a, 6) ). In 
particular. 



(50) 



liminfe''^ 

R^oo 



S(R} 



u— dA 
or 



0. 



In Proposition 3.1, we put p = and tp = e^^. Then v = u, q = X, and 
/ {\Vuf - X\u\'^} e"'' dVg 

JB(rn.R) 



\JS(R) Js{ro)J JB{ro,R) 



e^'^^udvg 
or 



< 



S{R) JS{ro) 



^ue^UA+'l 



B(ro,iJ) 



s'"^{|Vw|2 + r?V|2} dVg. 
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Hence, 

^ JB{ro,R) 

^(f -[ ]^ne^''dA+[ \t + x\e^^\u\'dv,. 

\Js{R) Js{ro) J dr JB{ro,R) \^ j I I 5 

Therefore, (49) and (50) imply that 

(51) / e''''|Vu|^ dvg < oo for any < < 7?i(A, a, b). 

JB{ro,oo) 

Thus, from (49) and (51), we get our desired result. □ 



6. Vanishing on some neighborhood of infinity 

Proposition 6.1. Under the assumptions in Proposition 5.1, let us add the follow- 
ing assumption: 



(*8) A > 



4&1 + {Bof 



8 {2{Ao -a)-a-b^ 



Then, we have u = on B{ro, oo). 
Proof. In proposition 3.3, we shall put 



7 = 1: p{r) = kr'' ( fc > 1, 6» e ( i, 1 ) ) ; Vi(0 = rA{r) + e; 



2' 



e = -2Ao + 2a + b. 
Then, from 



(*io) - ^ = |Vd.r +Ric,(V., Vr) > -^l±fM; 

rA{r) — a< rAr < rA{r) + b, 
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we get 

(52) v=e''''\i- 

(53) q =X - p"(r) - p'(r)Ar + (/(r)f 

=X + fc6»(l - ey-^ - kOr'^-^/^r + k^O^r^^'^ 

>A + ke (^-A{r) + ^—^^ r'-^ + kH^r^'-^; 

= - ke{i - e){2 - ey-^ + kO{i - ey-^Ar 

-k6r'^^-2k'6\l-6)r^'-^ 
or 



y20-2 



ke{l - e){2 - ey-"^ + ke{l - e) {rl(r) - a| r 
- ker^-^ {Si + Pi(r)} - 2^26*2(1 
= -k6 {6i + P2(r, 6*)} - 2k'^e'^{l - 0) 

where we set 

(54) P2(r, ^) = (1 - 0) (-A{r) + ^±1^ ) + p,(r) 



,,2.-2 



for simplicity. Note that hmr->oo P2{r, 0) = uniformly with respect to G (5, !)• 
In addition, 

(27) rAr-Vi(r-) > -a - e = 2{Ao - a) - a -b > 0. 

Therefore, on B{r, 00) (r >> 1), 
dq 

(55) r— + q{rAr - 'ipiir)) 

>-k0 {61 + P2(r, 0)} r^-^ - 2k'^0^{l - 0y^-^ 

+ j^X + k0 (^-A{r) + r'-' + /fc^^V^^-^j (-a - e) 

= {-a-s)X- k0r'-' 1 61 + P2 (r, 0) + l(r) - | 

+ fc^^V^^-^ {(-a - e) - 2(1 - ^)} 
= {-a-e)X- k0r^-^ {fti + P3(r, 0)} + fc^^V^^-^cg, 

where we set 

P3(r, ^) = P2(r, ^) + A{r) - l^i^l^; 

r 

cs = {-a-s)-2{l-0). 
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Besides, 

(56) 1 - i (rAr - tpi{r)) + 2rp'{r) >1 - ^ (rA{r) +S- rA{r) - e) + 2fc6»/ 

=2fc6'r^ + cg; 

and 

(57) ^{2p'(r){l+Mr))+^[{r)}-v 

= jfe^/-^ (l + rA{r) + e) + ^ (^W + r-l'(r)) | 

{fc6'r^-i (l + rA{r) + e) + ^ (^(r) + rl'(r)) | 



2 

2 



V 



4:{2k9r^ + eg) 

where, we set 

for simplicity. Here, by using (*4), (*5), and (*5'), the coefficient of the term |i>|^ 
of (57) is bounded as follows: 

{fc6»r^-i (l + rA{r) + e) + ^ (l(r) + rA'{r)^ |^ 
^^^^ 4(2A;^r« + cg) 

<^fc6'r^ (l(r))% fc6'/-iP4(r) +P5(r) 
8 

where Pi{r) and P5(r) arc functions of r which arc independent of fc > 1 and 
e (|, 1) and satisfy limr^oo Piif) = limr^oo Pbir) = 0. Since —a — e > 0, we can 
choose 9o € (^5 1) so that 

(59) Cg = (-a - £) - 2(1 -0)>{l-0) (-a - e) > 

for any 6* e (6*0, 1). Then, from (55), (56), (57), and (58), we see that 

I {^S + " ^^^^^4 1^1' + ^{ V(r)(l + ^-1(0) + V'i(r)}^t' 

+ |l-i(rAr-^i(r)) + 2rp'(r)| (^^)' 

>i |(-a - e) A - fc^/'^ + + P6(r)^ + fc^^V^^-^cgj |^;|^ 

where a function Pe{r) is independent of A; > 1 and 9 & (6*0,1) and satisfies 
limr^oo Peir) = 0. Now, consider the discriminant D of the quadratic equation 

i-a-e)X- + y + {^a- e)y^ = 0. 
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Then, D < by our assumption (*§), and hence, there exist constans rg{> ro) and 
6iG{9o,1) such that 

{-a-e)X- ^, + i^ + p,{r)^y + {l-0){-a-e)y'>0 

for r > rg, 9 G [9i,l), and y G R. Therefore, the right hand side of (60) is 
nonnegative for any k > 1, r > rg, and 9 G [6*1,1). In the sequel, we shall fix 
6 G [^1, 1). Thus, we have for any fc > 1 and t > s> rg 



Is{t) { ( 



dv\ , 1 I |2 1 ivT |2 , /^l + ^ , ^/ n\ 



S(e) 1^2' ' 2"' ' V^r-y V 2r ^ V 5r ^ 
In view of (52), we see that Proposition 5.1 implies that 

liminf / r{\Vv\^ + \v\H dA = 0. 
Js{t) 

Hence, substituting an appropriate divergent sequence {ti} for t in (61), and letting 
ti — > DO, we see that 

for all s> rr and fc > 1. On account of the facts 



or / \ or 



\Vv\^ = |a;2^V2^->|2 + 2k9r'-'^u + jVul^j e^'^-', 

and (53), the left hand side of (62) is written as follows: 

{eh{s) + kl2{s)+h{s)}e^''^\ 

where 

h{s) = -9h''<>-^ f \u\^dA; 

Js(s) 

/2(s) and /3(s) is independent of fc. Thus, for any fixed s > rg, the inequality 
Phis) + khis) + his) > holds for ah fc > 1. Therefore, /i(s) = for any fixed 
s > rg, that is, u = on B{rg, oo). The unique continuation theorem implies that 
u = on E = M -U. a 

Proof of Theorem 1.1 

Proposition 6.1 proves the first part of Theorem 1.1. The second part of Theorem 
1.1 is proved as follows: if A > is an eigenvalue of —A and u is an corresponding 
eigenfunction, then m, Vm G L^{M, dvg), in particular, u,Vu G L^{E, dvg). How- 
ever, if (7) with 7 = 1 holds, then 



IS{t) 



I \(- 

Js(t) \dr 



liminf t {[tt] +W\ } dA^O. 



2 

2 
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Therefore, there exist positive constants cio and rg such that 

Hence, dividing the both sides of this inequahty by t and integrating it with respect 
to t over [rg, oo), we get 

This contradicts the fact that u, Vu G L'^{E, dvg). Thus, we have proved the second 
part of Theorem 1.1. 
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